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The effect of interactions near the coincidence of two Landau levels with opposite spins at filling
factor 1/2 is investigated. By mapping to Composite Fermions it is shown that the fluctuations of
the gauge field induces an effective attractive Fermion interaction. This can lead to a spin-singlet
ground state that is separated from the excited states by a gap. The magnitude of the gap is
evaluated. The results are consistent with the recently observed half-polarized states in the FQHE
at a fixed filling factor. It is suggested that similar anomalies exist for other spin configurations in
degenerate spin-up and spin-down Landau levels. An experiment for testing the spin-singlet state
is proposed.
PACS numbers: 71.10.Pm,73.43.Cd, 73.43.Nq
It is well established that in two dimensions (2D) the
interacting electrons in a half-filled Landau level (LL)
can be mapped via the Chern-Simons transformation to
a weakly interacting Fermi liquid of Composite Fermions
(CF) [1, 2, 3]. This singular gauge transformation is
equivalent to attaching two flux quanta to each elec-
tron. The CF feel an effective magnetic field that is
smaller than the external one. It vanishes, on the av-
erage, at half filling. By introducing the CF, one can
understand the principal features of the incompressible
states in the fractional quantum Hall effect (FQHE) as
an integer quantum Hall effect of CFs. The CF also help
clarifying the nature and the properties of the compress-
ible phases at other even-denominator filling factors in
the first LL [2]. The theoretical expectations concern-
ing the transport properties of the latter states have
been confirmed in surface-acoustic waves experiments. In
transport measurements on anti-dot lattices near half fill-
ing, commensurability oscillations of CFs were observed.
This strongly suggests that CFs can be viewed as real ob-
jects which, in certain situations, behave almost as clas-
sical point-like particles [4]. This view is strongly sup-
ported by the recent report of CF cyclotron resonance
[5].
Via radiative recombination of electrons in the
inversion layer of high-electron mobility AlGaAs-
heterostructures with holes bound to acceptors in the
delta-doping region, the spin polarizations of several
FQHE-ground states at fixed filling factors have been
measured [6] as a function of the ratio between Zeeman
and the Coulomb energies, ξ ≡ EZ/EC. Crossovers be-
tween FQHE-ground states with different spin polariza-
tions have been detected. Upon varying ξ, the polariza-
tion of the ground state remains constant within large
intervals until a certain critical value ξc is approached.
Then, the system is transferred into a stable, differently
polarized ground state. The experimental data have been
found to be consistent with the model of non-interacting
CFs with spin, and with an effective mass that scales
with Coulomb interaction (∝
√
B). The broad plateaus
in the spin-polarization are then due to the occupation of
a fixed number of spin split LL of the CF (CFLL). The
crossovers occur when intersections of CFLLs coincide
with the chemical potential.
Most strikingly, the experimentally determined spin
polarizations, when extrapolated to zero temperature,
show additional plateaus for magnetic flux densities near
the centers of the crossovers. The corresponding polar-
izations are within the experimental uncertainty almost
exactly intermediate between those in the neighboring
broad plateaus. This indicates additional features be-
yond the non-interacting CF model and could be signa-
ture of a new collective state since one can expect that if
two CFLLs are degenerate, residual interactions become
very important and cannot be treated perturbatively. In
these experiments, the CFLLs with different spins have
been tuned to degeneracy via the dependence of the ef-
fective mass of the CFs on the magnetic field which was
aligned perpendicular to the 2D system.
By measuring via NMR the spin polarization at filling
factor ν = 2/3, a remarkably abrupt transition from a
fully polarized state to a state with polarization 3/4 has
been found when decreasing ξ [7]. This has been asso-
ciated with a first order quantum phase transition. For
ν > 2/3, strong depolarization has been observed that is
associated with two spin flips per additional flux quan-
tum. In these measurements, ξ has been tuned via tilting
the magnetic field such that the electron system is also
subject to an in-plane component of the magnetic field.
The nature of collective states under such conditions
has been addressed in several works. For instance, several
spin polarization instabilities has been found assuming
the tilted field geometry for LLs [8, 9]. Directly related
to the above optical measurements, a non-translationally
invariant charge-density-wave-state of CFs has been pro-
posed on the basis of restricted Hartree-Fock calcula-
2tions [10]. From exact diagonalizations of few interacting
Fermions, a liquid of non-symmetric excitons has been
suggested [11].
In this paper, it is proposed that a condensate of spin-
singlet pairs of CF, could account for some of the anoma-
lies observed near degeneracy. We investigate the coin-
cidence of two LLs with opposite spins using the Chern-
Simons gauge transformation and considering the effec-
tive interactions induced by the gauge field. The two
intersecting LL can then be imagined as two degenerate
CF-Fermi seas with opposite spins coupled by interac-
tions. Our main result is that the fluctuations of the
gauge field generate an effective interaction between CFs
with opposite spins and momenta which is attractive in
the limit of small frequency and long wavelengths. This
indicates an instability towards a condensate of spin-
singlet pairs. The gap between the ground state and the
energetically lowest excited state is evaluated by solving
the Eliashberg equation, similar to earlier work [12, 13].
We suggest that the half-polarized states of CFs observed
in the experiments mentioned above can be understood
by generalizing our model to pairing of second-generation
CFs. We provide a quantitative estimate of the gap which
is found to be roughly consistent with the experimental
data. Similar to the previously discussed pairing insta-
bility in well-separated double layer QHE-systems [14],
the condensate of CFs should show macroscopic quan-
tum effects that could be experimentally addressed.
We consider two half-filled, degenerate LL with op-
posite spin. Using the Chern-Simons transformation we
obtain CFs with spin that form 2D Fermi seas with a
Fermi wave number kF =
√
2πρ (ρ total average electron
number density) [2]. This system is formally analogous
to a double-layer quantum Hall system with ν = 1/2 in
each layer. The layer index is here the spin orientation
s =↑,↓ and the layer separation is zero.
In order to formally extract the effective CF-
interaction we consider the Lagrangian density of the two
coupled Chern-Simons liquids of charge e
L(r, t) = LF(r, t) + LCS(r, t) + LI(r, t) (1)
with the kinetic term of the Fermions
LF(r, t) =
∑
s=↑,↓
ψ†s(r, t)
{
ih¯∂t + ea
s
0(r, t)
− 1
2m
[
ih¯∇ + e
c
(
A(r)− as(r, t)
)]2}
ψs(r, t) , (2)
the gauge term (zˆ perpendicular to the 2D plane)
LCS(r, t) = − e
ϕ˜ φ0
∑
s=↑,↓
as0(r, t) zˆ · ∇ × as(r, t) , (3)
and the contribution of the Coulomb interaction
LI(r, t) = −1
2
∑
s,s′
∫
d2r′ρs(r, t)V (r− r′)ρs′(r′, t). (4)
Here, ρs(r, t) ≡ ψ†s(r, t)ψs(r, t) is the density of the
Fermions with spin orientation s, A the vector potential
of the external magnetic field, (as0, a
s) the gauge field for
spin orientation s, and V (r) = e2/ǫr the Coulomb inter-
action.
The Chern-Simons Lagrangian LCS is responsible for
the attachment of ϕ˜ flux quanta φ0 ≡ hc/e to each
Fermion, as can be seen by minimizing the action with
respect to the as0-gauge field. This gives the constraint
zˆ · ∇× as(r, t)/ϕ˜φ0 = ρs(r, t). Here, the flux attachment
for the two species of Fermions has been performed in-
dependently. We assume ϕ˜ = 2, such that the mean
fictitious magnetic field cancels the external one at half
filling, ν ≡ ρφ0/2B = 1/2.
We use the transverse gauge, ∇ · as = 0. Then, the
Bosonic variables associated with the gauge field fluc-
tuations are the transverse components of their Fourier
transforms, as1(q, ω) ≡ zˆ · qˆ× [as(q, ω)− 〈as(q, ω)〉]. By
introducing the mean gauge field into LF the external
field A is canceled. From the terms linear in the charge
e and the momentum −ih¯∇, one easily can extract the
form of the vertices connecting two Fermions with one
gauge field fluctuation operator asµ(q, ω) (µ = 0, 1)
vsµ(k,k + q) =
(
e
h¯e
mc zˆ · k×q|q|
)
. (5)
In addition, there is a Fermion-gauge field coupling term
quadratic in the fluctuation operators.
In order to derive the effective interaction between the
CFs we generalize the diagrammatic Chern-Simons Fermi
liquid description of FQHE states to include the spin.
First, one inserts the above relation between the charge
density and the gauge field into (4) and introduces the
gauge field fluctuations such that LCS +LI describes the
free gauge field. The effective CF interaction can then be
obtained from the coupling terms in LF(r, t) by tracing
out the gauge field fluctuations. At imaginary time, one
gets for the effective interaction in the Euclidean action
V s,s
′
µν (k,k
′,q; Ωn) = v
s
µ(k,k + q) v
s′
ν (k
′,k′ − q)
×[D+µν(q,Ωn) + (2δss′ − 1)D−µν(q,Ωn)]. (6)
This describes scattering of CFs from states with spin s,
s′ and momenta h¯k, and h¯k′ into states with h¯(k + q),
h¯(k′−q) by exchanging a gauge field quantum with mo-
mentum h¯q and frequency Ωn = 2πnkBT/h¯ (n integer).
The effective interaction contains the RPA gauge field
propagators Dαµν(q, τ) ≡ (1/h¯)〈Tτaαµ(q, τ)aαν (−q, 0)〉
(Tτ time ordering operator and α = ±) evaluated in
terms of the symmetric and antisymmetric combinations
of the gauge field fluctuations aαµ = (a
↑
µ + αa
↓
µ)/2. In
terms of the current-current correlation functions for free
Fermions at zero magnetic field, Π0ν ≡ Π0νν(q,Ωn) one has
(D−1)αµν(q,Ωn) =
( −Π00 ieqφ0
− ieqφ0
q2V (q)
φ2
0
δ+,α −Π01
)
(7)
3It can be shown that the dominant small-momentum
small-energy contributions of the above symmetric and
antisymmetric propagators correspond to µ = ν = 1
[14]. For Ωn ≪ vFq ≪ vFkF, Π00 ≃ e2m/πh¯2, Π01 ≃
−(e2q2/12π + 2|Ωn|e2ρ/vFq)/mc2, such that
D±11(q,Ωn) ≈
q
α± q(5∓1)/2 + η |Ωn|
(8)
with the constants η = 2e2ρ/mc2vF, α+ = e
2/ǫφ20, α− =
4πh¯2/3mφ20. For small wave numbers, and frequency
Ωn → 0, the antisymmetric propagator D−11(q,Ωn) dom-
inates. This does not contain the Coulomb interaction,
as pointed out earlier [14]. In the Cooper channel, the
effective interaction V s,−s11 (k,−k,q; Ωn) is attractive for
Ωn → 0 due to D−11(q, 0) ∝ q−2 (q → 0) and can lead to
an instability towards the formation of spin-singlet pairs
of CFs in a single QHE layer.
We calculate the quasi-particle energy gap for the
Cooper channel in mean field approximation [12, 14] us-
ing the Nambu field Φ†k(τ) = (c
†
↑(k, τ), c↓(−k, τ)) where
cs(k, τ), c
†
s(k, τ) are the Fermion annihilation and cre-
ation operators, respectively, for spin s and momentum
h¯k at imaginary time τ . The Green function G(k, τ) =
−(1/h¯)〈TτΦk(τ)Φ†k(0)〉 is a 2× 2 matrix, Gij , that is ob-
tained by inverting the Dyson equation
G−1(k, ωn) = G−10 (k, ωn)− Σ(k, ωn). (9)
Here, G0(k, ωn) = [iσ0h¯ωn − σ3(h¯2k2/2m− µ)]−1 is the
(diagonal) Green function for a free Fermion pair. Here,
σ0 is the unit matrix, σ3 the Pauli matrix, µ the chem-
ical potential, and ωn = (2n + 1)πkBT/h¯ a Fermionic
frequency. The self-energy Σ(k, ωn) is a 2× 2-matrix Σij
with the diagonal elements describing the renormaliza-
tion of the Fermion mass, while the off-diagonal matrix
element defines the pair-breaking gap ∆
∆(k, ωn) ≡ ih¯ωnΣ12(k, ωn)
ih¯ωn − Σ11(k, ωn) . (10)
For the self-energy we use only the Fock term [12, 15],
Σij(k, ωn) =
kBT
(2π)2
∑
n′
∫
dqGij(k− q, ωn − ωn′)
× [δijV s,s11 (k,k,q;ωn′)
+ (δij − 1)V s,−s11 (k,−k,q;ωn′)
]
(11)
In order to evaluate this explicitly, we assume k ≈ kF.
Carrying out the necessary integrations, by analytical
continuation to real frequencies, ωn → −iω + δ, using
the spectral representation of the Green function, and
combining the self-energy equation with the above (10)
one obtains an implicit equation for ∆(ω) ≡ ∆(kF, ω) in
the zero-temperature limit,
∆(ω) =
C
ω
∫ ∞
−∞
dzΘ(h¯|z| −∆(z))
× [zK1(z)∆(ω)− ω∆(z)K2(z)]
[h¯2z2 −∆2(z)]1/2 (12)
with the constant C = e2h¯kF/8π
3mc2 (EF Fermi en-
ergy),
Kj(z) ≡ sgn(z)[F−ω (z)− (−1)jF+ω (z)] , (13)
(j = 1, 2) and
F±ω (z) =
∫ ∞
−∞
dζ
sgn(z) + sgn(ζ)
ζ + z − ω − iδ ImD
±(ζ) (14)
where D± = − ∫∞
0
dq D±11(q,−iζ). By evaluating the
integrals one obtains for ω → 0 to leading order the self-
consistency condition
1 = C−x1/3 − C+[ln (ω0x/C+)]2 . (15)
with x = EF/∆ and a cutoff parameter ω0 ≫ 1.
Apart from the values of the constants, this result is
similar to the one obtained for the double-layer sys-
tem [14]. The first term, with the numerical constant
C− =
√
π(2/3)4/3Γ(7/6)/Γ(2/3) ≈ 1.4, describes the
contribution due to D−. The second term, with the
prefactor C+ = (1/2πkFℓC)(EF/EC), is due to D
+ and
stems from the interaction between particles; EC is the
Coulomb repulsion energy of two particles at distance ℓC.
Independent of the value of C+, there is always a solu-
tion to this equation. This does not contradict the results
of [16] since we considered here non-screened, long-range
Coulomb interaction between the particles. For EF larger
than EC, however, ∆ becomes vanishingly small.
Equation (15) indicates that in a single QHE layer,
when two LLs intersect at the Fermi energy in a per-
pendicular magnetic field, the system becomes unstable
against formation of a spin-singlet state due to attrac-
tive coupling of CFs via the gauge field fluctuations. The
resulting condensate state is similar to the macroscopic
state induced in a superconductor by the electron-phonon
coupling.
Let us consider experimental consequences. First, the
existence of the spin-singlet condensate state contributes
towards understanding the extra-plateaus in the CF spin
polarization experiments of [6]. The splitting between
CFLLs with spin up and spin down behaves as
√
B for
small B, and is proportional to B for large B. Spin-up
and spin-down components of different CFLLs intersect.
As an example, we consider ν ≡ p/(2p+ 1) = 2/5. This
corresponds to two filled CFLLs (p = 2). We adjust the
Fermi level to the energy where the spin-down Zeeman
level of the lowest CFLL becomes degenerate with the
spin-up Zeeman level of the first CFLL. For magnetic
fields smaller than the one corresponding to the point
of degeneracy, Bc, only the Zeeman levels of the lowest
CFLL are occupied at zero temperature. The spin polar-
ization vanishes, γ = (ρ↓ − ρ↑)/(ρ↓ + ρ↑) = 0. Magnetic
fields above Bc yield γ = 1. Exactly at Bc, two half-
filled CFLLs can be formed when defining the filling fac-
tor in terms of the ratio between the number of CF and
4the number of ”effective” flux quanta crossing the sam-
ple. In analogy to the above, one can perform a gauge
transformation leading to ”second generation” CFs. The
corresponding gauge fluctuations mediate an effective at-
tractive interaction. This leads to the formation of a con-
densate. From the experiments, one estimates kFℓC ≈ 1
and EF/2πEC ≈ 0.01, such that ∆ ≈ 0.3EF. This value
is more or less consistent with the experimental obser-
vations concerning the spin flip gap which give values of
the order 0.2K and the experimental Fermi energy of 1K
[6], though this numerical estimate is already somewhat
outside the range of validity of the asymptotic condition
(15). The existence of the gap at the crossing point im-
plies that in a region of magnetic fields around this point,
where the energy difference between the CFLLs is less
then ∆, the condensate remains stable. The formation
of such a state of singlet CF-pairs was then responsible
for the formation of a plateau exactly at half the dis-
tance between the neighboring plateaus in an interval of
magnetic fields near the crossover point.
Second, one can suspect that mechanisms similar to
the above can also lead to instabilities at other filling
factors. Near degeneracy, non-equal but commensurate
fillings of spin-up and spin-down states might yield col-
lective instabilities with intermediate spin polarizations.
For instance, consider ν = 2/3. This corresponds to two
(Zeeman-split) CFLLs with p = −2. When changing the
magnetic field, the uppermost (spin-down) Zeeman level
of the lowest CFLL and the lower (spin-up) Zeeman level
of the first CFLL intersect. When the electron density
is adjusted to the degeneracy point, the lowest spin-up
CFLL is fully occupied, while only half of the states in the
degenerated levels are filled. A priori, it is not clear how
the Fermions are distributed among these states. For the
ground state all possible configurations have to be taken
into account. Above we have considered the special case
of both levels being half-filled. However, also other con-
figurations can yield stable states. Assume, for instance,
that 3/4 of the spin-up level of the first CFLL and 1/4 of
the lowest spin-down CFLL are occupied at degeneracy
and that this, together with the totally occupied lowest
spin-up Zeeman level, would correspond to a stable state
via the effective interaction. This would give an average
spin polarization of γ = 3/4. If such a state was stable in
the presence of an in-plane component of the magnetic
field, it could account for the recently reported 3/4-state
observed in NMR at ν = 2/3 [7].
Third, the possibility of generating long-range spin-
pairing correlations in a single 2D Hall sample, similar to
those discussed previously for QHE double layers [17, 18],
by tuning the density and the magnetic field to induce
the above crossing between spin-up and spin-down LL
leads to interesting speculations. For instance, consider
two QHE systems in the same plane, say at ν = 2/5, sep-
arated by a tunnel junction. By tuning the two densities
to the value of the point of degeneracy a ”Josephson cur-
rent” should flow. Such a current should vanish as soon
as one of the two densities was detuned.
In conclusion, we have considered two Landau levels
with opposite spins tuned to intersect at filling factor
1/2 at the Fermi level. By applying the Chern-Simons
gauge transformation, we have derived an effective at-
tractive CF interaction. This yields an instability to-
wards a spin-singlet condensate. We have discussed sev-
eral experimental consequences. In order to observe the
predicted spin-singlet state, a close-to-zero in-plane com-
ponent of the magnetic field should be necessary as has
been achieved in the spin-polarization experiments done
in the region of the FQHE. Our results suggest that dif-
ferent occupations of spin-up and spin-down LLs could
account for instabilities at other fractional polarizations
and that an in-plane component of the magnetic field
could account for an anisotropic spin-singlet condensate.
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